We analyze the magnon excitations in pyrochlore iridates with all-in-all-out (AIAO) antiferromagnetic order, focusing on their topological features. We identify the magnetic point group symmetries that protect the nodal-line band crossings and triple-point degeneracies that dominate the Berry curvature. We find three distinct regimes of magnon band topology, as a function of the ratio of Dzyaloshinskii-Moriya (DM) interaction to the antiferromagnetic exchange. We show how the thermal Hall response provides a unique probe of the topological magnon band structure in AIAO systems.
Introduction:
Recently there has been an explosion of activity exploring topological features in the electronic excitations of semi-metallic and conducting solids. This includes the study of Weyl fermions in systems that break either time reversal or inversion symmetry [1] [2] [3] [4] [5] [6] [7] [8] [9] . Weyl points act as a source/sink for the Berry curvature in the bulk band structure, and lead to striking predictions of Fermi arc surface states and the chiral anomaly. Dirac fermions are realized by fourfold degenerate band crossings protected by time reversal and crystal symmetries [10] [11] [12] [13] [14] [15] [16] . Recently discovered triple-point semimetals [17] [18] [19] [20] [21] [22] , with triply degenerate band crossings, are condensed matter examples of new types of fermions, beyond Weyl and Dirac, with no counterpart in high energy physics. Nodal-line semimetals are another class of topological systems in which band crossings occur along closed lines in momentum space [23] [24] [25] [26] [27] .
Topological semimetal band structures are not restricted to fermionic systems and can also arise in bosonic systems. Spin-orbit coupled magnetic insulators are good candidates to look for "bosonic" topological semimetals. In recent studies, a variety of topological features have been predicted in the magnon bands of Cr-based breathing pyrochlore antiferromagnets [6] , pyrochlore ferromagnet Lu 2 V 2 O 7 [7] , as well as other magnetic insulators [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] .
In this work, we propose that the magnon excitations of pyrochlore iridates R 2 Ir 2 O 7 (R: rare earth or yttrium) [42, 43] exhibit triple-point and nodal-line band crossings with unique signatures in thermal Hall effect. Many pyrochlore iridates are insulators with the all-inall-out (AIAO) antiferromagnetic order [ Fig. 1(a) ] below T c ∼ 120 K [3, 8, [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] . Their spin excitations are relatively less explored experimentally due to neutron absorption by Ir. Focusing on compounds with nonmagnetic rare earth ion on the R-site, such as Eu 2 Ir 2 O 7 and Y 2 Ir 2 O 7 , we investigate the magnon excitations in the AIAO state described by the magnetic interactions between the S = 1/2 Ir moments on the pyrochlore lattice:
We consider antiferromagnetic (AFM) Heisenberg exchange J > 0 and Dzyaloshinskii-Moriya (DM) interactions D between nearest-neighbor moments that are relevant for AIAO ordering (ferromagnetic exchange is relevant for Lu 2 V 2 O 7 [2, 3, 7] ). We find two topological transitions in the magnon spectrum with increasing the D/J as shown in Fig. 1 (c) . Interestingly, the three regimes (I,II,III) can be distinguished by their distinct magnon band topology: the triply degenerate crossings of magnon bands, protected by the magnetic point group symmetry of the AIAO state, and nodal-lines of doubly degenerate band crossings protected by either nonsymmorphic or anti-unitary symmetries. The degeneracies at the triple-points and nodal-lines make strong contributions to the Berry curvature, which in turn impact the thermal Hall effect (THE) [2-4, 83, 86, 88, 89] , an important experimental probe of magnon band topology.
Model and spin wave theory: For the AFM pyrochlore described by Eq. (1), the DM interaction plays an important role in selecting the ground state from the highly degenerate ground state manifold in the Heisenberg limit. We focus on D > 0 (direct DM), where the ground state is AIAO, whereas for D < 0 (indirect DM) the ground state has XY order [69, 90] . In the AIAO state relevant to the pyrohclore iridates, the spin moments point inward at one type of tetrahedra and outward at the other type [ Fig. 1(a) ] with ordering wave vector q = 0.
We investigate magnon excitations about the AIAO state using linear spin wave theory. First, we make a local coordinate transformation for each spin operator that aligns the quantization axis along the moment direction at each site. Then, we use a linearized Holstein-Primakov transformation to obtain the quadratic Hamiltonian
Here E cl is the classical ground state energy, and a † (a) are the magnon creation (annihilation) operators for the four magnetic sublattices (l, m = 1, . . . , 4) of the AIAO state with crystal momentum (k). The explicit forms of the hopping and pairing amplitudes, A lm (k) and B lm (k), are provided in Supplemental Material [91] . The corresponding four magnon bands are obtained by diagonalizing H SW via the Bogoliubov transformation [91] . We next discuss in turn the two types of topological features in the magnon bands: triple points and nodal lines. Triple-points: We find that the magnon bands exhibit two types of triply degenerate band crossings (TDC); see Fig. 13 (a). The first type is a triple degeneracy at the Γ point (blue dot) that we denote as the A-type TDC. It is protected by cubic symmetry (C 3 and C 2 rotations) [91] and exists irrespective of the size of D.
At
there is a band inversion at the Γ point between the triply degenerate level and nondegenerate level, resulting in the creation of a second B-type TDC [red dot in Fig. 13(b) ]. The B-type TDC arises from the crossing between a nondegenerate and doubly degenerate (cyan) bands along the 6 cubic directions, e.g., ΓX line. The double degeneracy of the latter is guaranteed by the anti-unitary symmetry Θ * S 4 of the magnetic point group of the AIAO state [91] . The B-type triple-points move toward X and other symmetry related points as D increases. At D = D t2 (≡ J/ √ 2 = 0.71J) another band inversion arises at the X point. In this band inversion the TDC migrate to the bottom three bands from the top three with the inverted movement direction toward the Γ point [compare Fig. 13 (c) with (b) ]. During this process, a pair of triple-points meet at the X point and then they pass through each other without being annihilated, due to the different quantum numbers of (Θ * S 4 ) 2 in the degenerate band (−1) and in the other two nondegenerate bands (+1) along the k line.
To summarize, the AIAO antiferromagnetic pyrochlore has three regimes (I,II,III) of magnon band topology, separated by the topological transitions at D t1 and D t2 ; see Fig. 1 (c) . The magnon band structure in each region is characterized by the pattern of triple-points and their movement in the Brillouin zone. Note that the AIAO ground state remains stable while the magnon band structure undergoes these topological changes driven by the DM interaction [91] .
Nodal-lines: Another characteristic feature of the magnon bands is the existence of nodal-line band crossings. Along ΓX (cyan in Fig. 13 ) there is a doubly degenerate nodalline band crossing. A more interesting nodal-line crossing occurs along the XW and other symmetry-related lines, where four magnon bands are paired up into two doubly degenerate bands [orange in Figs. 13 (a-c) ] by the symmetry protection of C 2 rotation and "nonsymmorphic" G d glide [91] . Acting on the magnon operators, these symmetry operations anticommute with each other, resulting in the double degeneracy. Figs. 13 (e,f) illustrate both kinds of nodal-lines in the entire Brillouin zone.
We have examined the influence of symmetry-allowed further-neighbor interactions, beyond those included in Eq. (1) , that may exist in real materials. The essential features like the triple-points and nodal-lines are all preserved by symmetry. Thus their effects on the Berry curvature and the important qualitative features of THE described below all persist, even in the presence of these further-neighbor interactions [91] . Berry curvature and thermal Hall effect: The distinct magnon band topology exhibited in the three regimes leads to qualitatively different patterns of Berry curvature in the band structure of each regime. A direct experimental signature of the magnon Berry curvature is the magnon thermal Hall effect [2-4, 83, 86] . A temperature gradient ∇ ν T induces transverse heat current J 
κ yz and κ zx are obtained by cyclic permutations of indices. Here c 2 (u) = (1 + u) ln
is the Bose distribution, E nk the magnon dispersion, and V the volume of the system. For each magnon band, the Berry curvature is given by [4, 91 ]
where T k is the 8 × 8 Bogoliubov transformation matrix corresponding to the four bands and two "particle-hole" degrees of freedom. Before discussing our results, we note that the cubic symmetry prohibits finite thermal Hall effect, even though the Berry curvature is locally nonzero in the Brillouin zone [5, 78, 81, 82] . To probe the magnon Berry curvature via thermal Hall effect, we break the cubic symmetry by applying a small magnetic field to the system. The Zeeman coupling H Z = −h · i S i generates a sublattice-dependent potential in the spin wave Hamiltonian H SW as well as canting of the AIAO spin configuration (thereby a nonzero magnetization) [91] . In Table I , we summarize the direction of induced magnetization for several field directions, and also symmetry constraints on the thermal Hall conductivity tensor. The constraints are obtained based on: (i) remaining symmetries in the canted AIAO state under the field, and (ii) the fact that the tensor κ = (κ yz , κ zx , κ xy ) and magne-
) over a unit cell, are both axial vectors that follow the same transformation rules under symmetry operations.
To present numerical results for κ µν , and to show that their magnitude is testable by current experiments, we need to estimate the parameters of our model. Recent resonant inelastic X-ray scattering experiments [65] on Sm 2 Ir 2 O 7 show magnetic excitations well described by Eq. (1) with J = 27.3 meV and D = 0.18J = 4.9 meV. We use J = 27.3 meV to compute the thermal Hall effect, and examine our results as a function of D/J.
In Fig. 3 , we show κ µν with a small field h = 0.02J along the [110] direction, for which the relationship between magnon band topology and thermal Hall response is most clearly observed. The presence of a small field breaks all the symmetries listed in the table of Fig. 13 . Nonetheless, triple-point and nodal-line band crossings remain nearly degenerate carrying large Berry curvatures. We find characteristic behaviors in the thermal Hall conductivity that can help distinguish the regime I and II in experiments. Specifically, κ xy has a different sign in the two regimes: positive in the regime I and negative in the regime II as shown in Fig. 3(a) . In . We find the same pattern of κ µν even upon inclusion of further neighbor interactions [91] .
To get insight about the qualitatively different behavior of κ xy in regimes I and II, we resolve it in momentum space: (x +ŷ)cosθ +ẑsinθ. 4 , reveals important features of κ xy in momentum space: (i) a peak structure around k z = 0 that changes sign (white), and, (ii) monotonic behavior with no signchange away from the center (gray). These plots show that constructive contributions from the gray region determine the sign of κ xy in each of the two regimes.
In the right panels of Fig. 4 , we plot K xy (k) as a function of (k x , k y ) for various k z slices, to gain a better understanding of how the degeneracies of the (zero-field) magnon spectrum impact the Berry curvature and hence the sign of κ xy . The large and rapidly changing behavior of F (k z ) near k z = 0 is seen to arise from the Berry curvature concentrated around the triple-points (b-c,g-h).
More importantly, the doubly degenerate nodal-lines along XW contribute to the large positive (negative) F (k z ) at large k z in regime I (II). The peaks highlighted by circles in the right most panels correspond to the location of the degenerate energy levels (d-e,i-j). In a small field, these levels are shifted from XW lines and their degeneracy is lifted, but only slightly, so they continue to give important contributions to F (k z ). Notice that in regime I the nodal-lines are shifted into the third quadrant of each k z plane with positive K xy (k). By contrast, in regime II they move into the first quadrant with negative K xy (k). It is therefore the distinct field-response of the nodal-line topological magnons that ultimately controls the sign of κ xy in Fig. 3 . The other non-degenerate bands generate the clover-leaf shaped "background" contributions in the right panels of Fig. 4 .
From the above analysis, we see that different band topologies lead to distinct patterns of magnon Berry curvature, which in turn lead to different thermal Hall responses (see Fig. 3 ), indicating its usefulness as a probe of the overall magnon band topology.
The field-direction dependence of κ µν provides additional information about the two regimes, as depicted in . This generic crossing behavior can be useful for estimating the size of the DM coupling in thermal Hall experiments. Conclusions: By combining spin wave theory, Berry curvature analysis for the magnon bands, and linear response theory, we have shown how thermal Hall effect can probe the topology of the magnon bands and provide an estimate of the DM coupling. One of the central ideas explored here is the field-response of the topological magnon nodal-lines and triple-points and their manifestation in the thermal Hall transport. Going forward, our calculations suggest that pump-probe techniques that can excite magnons near the doubly and triply degenerate energy levels will lead to enhanced thermal Hall effect compared to simply relying on thermally excited magnons. Our calculations of the thermal Hall transport can also be extended to other iridium-based magnetic insulators [92] , for example, pyrochlore iridates with a magnetic rare earth ion (such as Nd 2 Ir 2 O 7 ) that bring in an additional source of magnetism. 
Supplemental Material

MAGNON HAMILTONIAN
The all-in-all-out (AIAO) state is a q = 0 magnetic order on the pyrochlore lattice, hence with four magnetic sublattices. Spin moments on the four sublattices point inward or outward at each local tetrahedron (Fig. 1 of  the main text) . In the cubic coordinate system of Fig. 6 (or Fig. 1) , the classical AIAO spin configuration can be expressed as follows.
where the subscript means the sublattice. As a first step to describe magnon excitations in the AIAO state, we define local axes {l x , l y , l z } at each sublattice in such a way that the local axis l z is parallel to the moment direction S cl (see Table II 
where µ, ν, α, β ∈ {x, y, z}, and J with the Kronecker delta δ µν and totally antisymmetric tensor ρµν . We use the Einstein summation convention for repeated Greek indices. Quadratic magnon Hamiltonian is obtained by applying the linearized Holstein-Primakov representation [1] to the above Hamiltonian.
Spin operators are now written in terms of the boson operators {a, a † } and the size of spin S. Large-S expansion of the Hamiltonian followed by Fourier transformation leads to the quadratic magnon Hamiltonian H SW in Eq. 2 of the main text, equivalently
where
T , and
The 4×4 matrices A and B representing the hopping and pairing of the bosons are given by
(1,1,1) where p(R) = cos(k · R/2), k = (k x , k y , k z ), and {a, b, c} are the lattice vectors (Fig. 6 ). Here we notice that the hopping matrix A encodes a fictitious flux pattern that is seen by magnons. Magnons pick up π (0) flux when they hop around a local triangle (hexagon) on the pyrochlore lattice. The nontrivial flux pattern arises due to the noncoplanar AIAO magnetic structure that is stabilized by the DM interaction. However, it becomes trivial (zero flux for both triangle and hexagon) when D > D t2 (= J/ √ 2). In this AIAO antiferromagnetic pyrochlore, magnons experience quantized fictitious fluxes (0 or π) at each elementary triangle and hexagon. This contrasts with the ferromagnetic pyrochlore where fluxes vary continuously as functions of the DM interaction [2, 3] .
The magnon Hamiltonian is diagonalized via the Bogoliubov transformation that relates the bare bosons (a) with magnon quasiparticle modes (b):
Here T k is the 8×8 Bogoliubov transformation matrix, and
T is a column vector containing magnon quasiparticle modes. The transformation matrix is obtained by solving the bosonic eigenvalue problem
In this equation, eigenvectors contained in the columns of T k are paired with magnon energy eigenvalues stored in the diagonal matrix
It is important to note that due to the boson statistics T k satisfies the para-unitary condition [4] T
where σ 3 = diag[1, 1, 1, 1| − 1, −1, −1, −1] is a 8×8 diagonal matrix that distinguishes the particle and hole sectors of Ψ or Γ. The Bogoliubov transformation finally leads to the diagonalized magnon Hamiltonian
When a magnetic field is applied to the system (H Z = −h · i S i ), the above zero-field magnon Hamiltonian H SW is modified by two factors: (i) spin moment canting by the magnetic field and (ii) sublattice dependent chemical potential. The canted spin configuration, which is obtained by solving the spin model H + H Z classically, redefines the local axes {l x , l y , l z } at each sublattice, leading to changes in the hopping and pairing amplitudes of H k . The Zeeman coupling H Z generates a nonuniform chemical potential term that varies depending on the sublattice and moment direction:
SYMMETRY ANALYSIS
Space group symmetries of the pyrochlore iridates (number 227; F d3m) play crucial roles in the symmetry protection of the triple-point and nodal-line topological magnons discussed in the main text. T d point group is a subgroup of F d3m containing symmetries relevant to the triply degenerate band crossings.
The four generators are threefold rotation about 111 axis (C 3 ), twofold rotation about 100 axis (C 2 ), mirror reflection with respect to {110} plane (σ d ), and 90 • rotation about 100 axis followed by reflection (S 4 ); see Fig.  7 .
In the presence of the AIAO order, the two improper rotations (σ d , S 4 ) are no longer symmetries of the system (note that spin is invariant under spatial inversion). Instead, the AIAO state is invariant under the improper rotations multiplied by time reversal (Θ), leading to the following magnetic point group. Table III .
Ψ (kz,kx,ky) (18)
Ψ (−kx,ky,−kz) (19) The above equations show the transformation rules of magnon operators under the C 3 and C 2 rotations. The 4 × 4 representation matrices, U C3 and U C2 , are listed in Table III . The eigenvalues of the matrices are given by {1, e i2π/3 , e −i2π/3 , e i2π/3 } for U C3 and {+1, +1, −1, −1} for U C2 .
From this eigenvalue structure, one can easily check that four magnon energy levels at the Γ point comprise three-dimensional representation and one-dimensional representation of the T point group.
The B-type TDC is a crossing between nondegenerate and doubly degenerate bands along ΓX of the Brillouin zone. The twofold degeneracy of the latter is provided by theS 4 (= Θ * S 4 ) anti-unitary symmetry defined in Table III . The corresponding magnon transformation rule is given bȳ
KΨ (kx,kz,−ky) , (20) where K means complex conjugation originating from time reversal, and the 4 × 4 matrix US 4 is shown in Table  III . We can show that along ΓX = (k x , 0, 0) the representation matrix of (S 4 ) 2 , which is unitary and given by US 4 U * S4
for the particle sector, has the eigenvalues {+1, +1, −1, −1}. The doubly degenerate band along ΓX has the eigenvalue (S 4 ) 2 = −1, which guarantees at least twofold degeneracy in a similar way to the Kramer's degeneracy.
Nonsymmorphic glide G d (an element of F d3m) is an important symmetry that protects the nodal line band crossings along XW of the Brillouin zone. The glide symmetry is a mirror reflection about a (001) plane combined with a fractional translation by c/2 = (1, 1, 0) , as illustrated in Fig. 8 and Table III . Since (G d ) 2 = T c (translation by c), the allowed eigenvalues of the glide symmetry are ±e −ik·c/2 . Interesting, unlike the improper rotations σ d and S 4 , the glide G d itself is a symmetry of the AIAO state without combination with time reversal. Acting on magnon operators, the glide symmetry has the following representation: where the matrix U G d is shown in Table III . Along XW = (π/2, k y , 0), the little group at each k point includes the G d as well as the aforementioned C 2 about the [010] axis (Table III) . Their representation matrices have the eigenvalues {+e −ik·c/2 , +e −ik·c/2 , −e −ik·c/2 , −e −ik·c/2 } for G d and {+1, +1, −1, −1} for C 2 . The two little group elements anticommute with each other as can be verified from Eqs. 19 and 21. Hence, |G d = +e 
MAGNON BAND STRUCTURE Zero field
As discussed in the main text, the magnon band structure undergoes topological transitions at D = D t1 and D = D t2 . The transitions occur through band inversions at the Γ and X points as illustrated in Fig. 9 . The energy levels at the Γ and X points are given by
FIG. 9. Schematic illustration of the topological transitions in the magnon band structure.
X :
It is straightforward to check that D t1 = J √ 2/5 (= 0.28J) from the equation E 1 (Γ) = E 2 (Γ), and D t2 = J/ √ 2 (= 0.71J) from the equation E 1 (X) = E 2 (X). The magnon band structure of H SW has an energy gap given by ∆ ≡ min{E 1 (Γ), E 2 (Γ)}. Figure 10 visualizes triply degenerate band crossings (TDC) of the magnon bands. In the A-type TDC, three quadratically dispersing bands are touching at the Γ point (Fig. 10 left) . On the other hand, the B-type TDC is understood as a type-II Weyl node with an extra linearly dispersing band that is touching the Weyl cone (Fig. 10 right) . Despite such similarity, there is a crucial difference between the B-type triple points and Weyl points. In the Brillouin zone, a Weyl point can be considered as a topological transition point between twodimensional trivial insulator and Chern insulator. Both sides of the Weyl point is "insulating" with a finite energy gap. However, the B-type triple point is viewed as a transition point between two-dimensional metal and insulator (see Fig. 11 ). Here, insulator (metal) means that the system has a finite (zero) gap between the top two and bottom two bands. eracy occurs only in the top two bands which have the eigenvalue (S 4 ) 2 = −1.
Nonzero field
Under a magnetic field, the triple points are no longer protected since associated symmetries are broken by the field. Instead, type-II Weyl points [5] are created from Fig.  14 (c) ]. Such Weyl magnon excitations have been also found in other pyrochlore magnets [6, 7] . in terms of the velocity operator v k (≡ ∇ k H k ) [4] :
Equivalence of this expression to Eq. 3 can be checked using the identityv k =
is semi-positive and has the following two limits.
The full temperature and energy dependence of the function is illustrated in Fig. 15 . In Fig. 4 of the main text, we have shown that the system exhibits distinct patterns of thermal Hall conductivity in the regimes I and II using two exemplary cases (D = 0.18J, 0.33J). In Due to the field direction deviation from the [110] axis, the two components κ yz (green) and κ zx (blue) are not any longer identical to each other. Nevertheless, we find qualitatively same behaviors as shown in Figs. 3 (c,d) .
EXTENDED MODEL WITH FURTHER NEIGHBOR INTERACTIONS
Here we examine the robustness of the TDC and characteristic thermal Hall responses by extending our model to second nearest-neighbor interactions allowed by symmetry. In the extended model H ext , the original nearestneighbor J-D model H is perturbed by second-nearestneighbor J , D ij , and Γ ij terms as well as nearestneighbor Γ term.
The second-nearest-neighbor DM vector D ij is constrained by C 2 rotation symmetry as , and similarly for the second-nearest-neighbor Γ term (this constraint is obtained from the strong coupling expansion of a single-band Hubbard model with spindependent hopping channels). Figure 18 shows that the TDC and also band inversion of the original model re- main robust under the additional interactions. Furthermore, we find that this extended model shows the same sign-change behavior in κ xy as the original model does (see Fig. 19 ).
MOMENTUM-RESOLVED THERMAL HALL CONDUCTIVITY
In the main text (Fig. 4) , we have shown that the sign of κ xy is mainly determined by the (zero-field) nodal-line band crossings along XW. To convince that the high intensity peaks shown in Figs. 4 (d-e,i-j) originate from the nodal-line band crossings, we compare K xy (k) with the inverse of the energy difference between the two lowest bands (E 2k − E 1k ) −1 . As shown in Fig. 20 , high intensity peaks of K xy (k) (marked by circles in the color maps) occur at the locations where (E 2k − E 1k ) −1 is very large corresponding to the nodal-line band crossings which under an external field become nondegenerate and shifted from XW lines.
Nodal-line band crossings arise along ΓX lines as well as XW lines [Figs. 2 (e,f) ]. A natural question to ask is how large is the contribution of the former to κ xy compared to the latter. As displayed in Fig. 21 , the nodallines along ΓX lines exhibit an opposite sign of K xy to that of κ xy . But we find that their contribution is not large enough to cancel that of the other nodal-lines along XW lines which dominate κ xy . 
Energy
